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A microscopic treatment of edge magnetoplasmons (EMPs) is presented for the case of not-too- 
■ low temperatures in which the inequality fcsT ^ TiVg/lo, where Vg is the group velocity of the edge 

states and Iq is the magnetic length, is fulfilled, and for filling factors v = 1(2). We have obtained 
in : independent EMP modes spatially symmetric and antisymmetric with respect to the edge. We 

describe in detail the spatial structure and dispersion relations of the new edge waves (edge helicons, 
dipole, quadrupole and octupole EMPs), which have the characteristic length It = igkBT/TiVg. We 
have found that, in contrast to well-known results for a spatially homogeneous dissipation within 
' the channel, the damping of the fundamental EMP at not-too-low temperatures is not quantized 

, and has a T^^ dependence. 

^ . PACS 73.20.Dx, 73.40. Hm 
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I. INTRODUCTION. 



Edge magnetoplasmons (EMPs) in the two-dimensional electron system (2DES) have received much attention 
T , in recent years. Experimental studies have been performed to determine the dispersion relation and the role of 
' ^ ■ edge states in the transport properties of the 2DES both on liquid helium as in high-mobility AlGaAs-GaAs 

heterostructures [p|-pl|. The interest have even increased with the advent of time-resolved transport experiments 
[f7|,p|JlO[| . From a theoretical point of view, a lot of work have been also devoted to study the characteristics of these 
collective excitations propagating along the edge of the 2DES in the presence of a normal magnetic field B and different 
edge- wave mechanisms have been proposed p^-p^. First, the EMPs dispersion were determined theoretically within 
essentially classical models in which the charge density varies at the edge, but the edge position of the 2DES is 



kept constant. Other, distinctly different, quantum-mechanical edge- wave mechanisms was proposed |14 l^Jl^,|l^ in 
' which only the edge change and the density profile is taken as the unperturbed 2DES with respect to the fluctuating 
CN '. edge. 

0^ ' Recently a microscopic model was proposed in Refs. 22 that effectively incorporates the edge-wave mechanisms 
mentioned above in the quantum Hall effect (QHE) regime. Even though EMPs have been studied in the limit 
of low temperatures fcsT <C TiVg/l^, where Vg is the group velocity of the edge states and the magnetic length 
\ io = ^JhJmFujc with ujc — \e\B/m*c^ in the calculation of the current density J was assumed that the components 
"j^ ■ of the electric field E of the wave are smooth on the £0 scale. However, this assumption can not be well justified 
for EMPs at very low temperatures. Here, we extend the approach of Refs. |^,^ for not-too-low temperatures, 
I . where Tiujc ^ ksT ^ hvg/lo- In this regime the typical scales of in-plane components of E are of the order of 

' £t = ^y^sT /fiVg, which is much larger than £o- 
Ch Our model to treat EMPs consists in considering a 2DES, of width W , length — L, and negligible thickness, in 

^ the presence of a strong B parallel to the z axis, such that only the n = Landau level (LL) is occupied. The 2DES is 



confined along the y axis by a parabolic potential at the edges given by V = 0, for yi < y < yr, V = m*^'^{y — yrY /2 



I for y > yr > 0, and Vy — m*fl^{y — yi)^ /2 for y < yi < 0. We assume that the confinement is smooth on the scale of £0 
such that fl uJc and |fca:|VF 3> 1 such that it is reasonable to consider the EMP along the right edge of the channel, 
?H in the form A{uj, kx, y) exp[—i{ujt — k^x)], totally independent of the left edge. We consider the QHE regime, at filling 
factors 1/ = 1 or 1/ = 2 in samples with areal dimensions sufficiently large, as it is typical in EMP experiments. So, the 
inter-edge electron transitions and the inter-edge Coulomb interaction can be neglected. At z/ = 1, we assume that 
the spin-splitting, caused by many-body effects, is strong enough to neglect the contribution from the upper spin-split 
LL. At v = 2, we neglect spin-splitting. 

There are at least two essential aspects to take into account in order to determine the dispersion relation as well 
the spatial structures of the EMPs, One is the role of dissipation even in the QHE regime. Recently it was shown, 
for sufficiently smooth confinement, that the dissipation comes from the intralevel-intraedge electronic transitions due 
to scattering by piezoelectric phonons and occurs mainly near the edges of the channel p^ . In the linear response 
regime, this is the main dissipation mechanism if Vg > s, the speed of sound, i.e., for channels of width W ^ 100 /im 
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and T < 1 K. The dissipation in the bulk is exponentially suppressed for huJc/ksT ^ 1. So, the properties of the 
EMPs must be strongly modified when the dissipation is localized near the edges in comparison with previous works 
in which the dissipation occurs homogeneously over the channel width [p^ . 

The second point is the profile of the unperturbed electron density uq (y) across the edge. It was shown that the 
introduction of a smooth no{y), considered in Ref. [l^ , leads to the appearance of new acoustic modes in addition 
to those found in Ref. in which the electron density drops abruptly at the edge. In Fig. 1, we compare our 
calculated unperturbed density profile no{y) with the Volkov-Mikhailov ||l^ and Aleiner-Glazman |lq| models. Notice 
that no{y) is presented on the scale of ir ^ near the edge instead of £o, as in Fig. 1 of Ref. p2(| . Our calculated 
exact density profile np (y) /np (solid curve), where no is the bulk value, is shown together with that of Refs. |l^] 
(short-dashed curve) and jl^l (dotted curve) . The dash-dotted curve represents our approximate density profile given 
by np{y)/np = [1 — tanh(F/2)]/2, where Y — {y — yro)/^T- As we can see, our analytical profile is very close to 
the exact one in the actual region if the condition kg '3> ksT /fiVg 3> (.p^ is fulfilled, where the characteristics edge 
wave number fee — {cOc/^^)V^^^^^^^^j with Ap being the Fermi energy measured from the bottom of the n = 
LL, or Ap = Epp — fiLJc/2. The density profile in the Aleiner-Glazman model is obtained taking np{y)/np — 
(2/7r) arctan y^(y^^7^^1/)7a and a/£p = 20 which corresponds approximately to a = 2000 A. As it can be seen, our 
density profiles are very different from the other ones. For the calculation of the solid curve, the chosen parameters, 
related to GaAs-based heterostructures, are B — 5.9 T, m* = 0.067mo, lOc/^ = 30, T = 18 K, ^t/^o — 5, and taking 
Ap = TiLdc/l such that Vg — Mp « 5 x 10^ cm/sec. 

We will show that the combination of our density profile and the fact that dissipation is localized near the edge 
leads to strong modifications of the EMP behavior. These changes as well as the new EMPs resulting from the present 
microscopic approach in the regime of not-too-low temperatures are the subject of this work. 

The organization of the paper is as follows. In Sec. II, for completeness, we present the expressions for the inho- 
mogeneous current densities and conductivities for not-too-low temperatures and in the quasi-static regime following 
the treatment given in Ref. |^5|. We also obtain the general equation for the EMPs with dissipation at the edges. 
In contrast with EMPs at very low T, we neglect the nonlocal contributions to the current density |^,^ since 
their spatial structure is smooth in the scale of (.p. Further, in Sec. Ill, we elaborate on the integral equations for 
symmetric and antisymmetric EMPs and devise a method to solve them. In Sec. IV we derive the dispersion relations 
and charge-density amplitudes of the symmetric and antisymmetric EMPs and describe in detail the new edge waves. 
Finally, in Sec. V, we compare our theory with experiment and make concluding remarks. 



II. INTEGRAL EQUATION FOR EMPS WITH DISSIPATION AT THE EDGES 

In the low-frequency limit {uj <^ lUc) for the EMP, the current density can be calculated in the quasi-static approx- 
imation and using the fact that wavelength X ^ £p ^ 10~^cm and the characteristic scale along y is typically of the 
order of £t ^ £p for not-too-low T (this condition can be broken only for very high multi-pole modes). Hence the 
results of Ref. | p5[ for the components of the current density can be also considered here and are given by 

Jviy) = <^vyiy)Ev{y) + <ylAv)E.{y). (1) 



jx[y) = a^^{y)E^{y) - a°^{y)Ey{y) + Vgp{uj,k^,y). (2) 

We have suppressed the exponential factor exp[— i(wt — k^x)] common to all terms in Eqs. (|l]) and (^ and obviously 
Ef^{y) depends also on oj and k^. As shown in Refs. and ||2^, <Tyy{y) is strongly localized with exponential decay 
at the edge, within a distance < £t from it, for huic ^ ksT ^ hvg/£p. The last term on the right-hand side (RHS) of 
Eq. (^), absent in Ref. j2^], represents the contribution of the current density along x, associated with the advection 
of a wave distortion p{uj, k^, y) of the charge localized near the edge. For v ^ I we have 

'^v^^y^^^J dypafap'i'liy- ypa), (3) 

where a = {0, k^a}, yoa = £pkxa, ^niy) is the harmonic-oscillator function, and fap = fp{kxa) = 1/[1 -t- exp{{Eao — 
Epo)/kBT)] is the Fermi-Dirac function. Epp is the Fermi level measured from the bottom of the lowest electric 
subband. Considering only the flat part of the confining potential, yi < ypa < yr, we have E^p = ?iWc/2. For the 
right edge region, yp^ > y^ we obtain 

Em = Ep{ypa) = hioj2 + m*V?{ypc, - yrf /2. (4) 
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In our regime of interest, £t ^ io, taking into account that the typical y-scale of fao and ^'o(y — Voa) are £t and 
£o respectively, we evaluate the integral in the RHS of Eq. (^) to obtain 

1 

2^ [l + expiiEoiy))~EFo)/kBT)] ' 

At the edge of the n = LL, y = y^e = ioKe, where foiKe) = 1/2, we have (Ty^{yre) = e^/ {AttK). So (Jy^iy) decreases 
on the scale of It near the edge and behaves like the density profile shown by the solid curve in Fig. 1. 

We consider only the electron-phonon interaction, since it is the most essential process for the required conditions 
. Because the dependence of {y) on the scale is quite smooth, we can assume that axx (y) can be approximated 
by ayy (y) and following closely the results of Ref. ^ , we can write 



For temperatures in the QHE regime, the relevant contributions arise only from acoustical (DA) or piczoelectrical (PA) 



phonons with dispersion ojq sq, where q = y 'Zx + 1y + ll- Then the interaction strength |Cqp = (c /LxLyLz)q^^ , 

where +1 is for DA and —1 for PA-phonons respectively, and c' is the electron-phonon coupling constant. 

Using the Eqs. (|l|), (||), (^), (||), the Poisson equation and the linearized continuity equation, we obtain the integral 
equation for p{uj, k^, y) 

- i{uj - kxVg)p{u;,kx,y) + ^{klaxxiy) - 

where Kq{x) is the modified Bessel function. We can see from Eqs. ^ and (^) that cFyyiy) and dayx{y)/dy, as well 
axx{y)i are exponentially localized within a distance of order of from the right edge at j/^e = Z/r + ^yr where 
Aj/r = ^o^e for hvg <C (-akBT and W = 2yre- For kxa = Ke — J/r/^o + ke, /o(fcre) = 1/2, we have 



1 dEoikre) _ hfl'^ke _ I^Af il, 

h dkxa m*Ljj}. V m* Wr 



or alternatively Vg — cE^/B, where E^ = riv2m*AF/|e| is the electric field describing the influence of the confining 
potential. For a dissipationless classical 2DES we have, for finite (Jyy(]j) = <Jxx{y) = ie'^no{y)uj /m* {tu^ — tu^) and 
'^yxiv) = —e'^nQ{y)u!c/m* {uj'^ — u"^), where rio(y) is the electron density. In this case, Eq. (0) is the same as Eq. (4) 
of Ref. @. 

Equation (^ is valid for a 2DES in the absence of metallic gates. Experimentally, a metallic gate is sometimes 
placed on the top of the sample at a distance d from the 2DES For the gated sample, the kernel Kt^ in Eq. (|^) 
is replaced by Rg ~ KQ{\kx\\y — y'\) — KQ{\kx\yJ {y — y'Y + 4^^) and if we have air in the top of the 2DES, then Kq 
is replaced by Ra = Ko{\kx\\y - y'\) + [(e - l)/(e + l)\Ko{\kx\^/ {y - y' f + 4^2) Q. For definiteness, we take the 
background dielectric constant e to be spatially homogeneous. 



III. TEMPERATURE EFFECTS ON DISPERSION EQUATIONS FOR EMPS 

At temperatures such that the inequality fee ^ ksT/fiVg ^ i^^ is satisfied, we obtain, from Eq. (||), 
that da^^{y)/dy = {e'^ /2Trh)Ro{y), where the function Ro{y) = -d\\ + exp{{Eo{y)) - EFo)/kBT)]-^ /dy w 

(4£t)^^ cosh^^(y/2£T)], with y = y — yre, is exponentially localized around yre within a distance of the order of 
It- In addition, from Eq. (^, it follows that the dissipative components of the conductivity tensor a^fiijj) are pro- 
portional to Ro{y) = Ro{y), where /i stands for x or y, and are also strongly concentrated nearby yre- Notice also 
that the condition ke£o ^ 1 also holds, due to the fact that uic/^ S> 1 if Ap ~ fiU)c/2. Taking into account that only 
the interaction with PA-phonons is relevant for Vg > s, from Eq. (^) for = 1 we obtain 
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e^tlckeT 



T;.;. = (y ) /i?o (y ) = , ",4 . ' (9) 



where, for GaAs-based heterostructures, c' = h{ehi/Cf' /2pvs, with hu = 1.2 x 10^ V/cm, = 5.31 gm/cm'^, and 
s — 2.5 X 10^ cm/sec. Hereafter in numerical estimates and figures we are using these parameters. 

One can see also, from Eq. that p{u! , , y) = p{uj,kx-,y) is also concentrated near the edge of the n — Q LL 
within a region of the order of It- Hereafter we use the dimensionless variable Y = yj It- Furthermore, Eq. (|^) 
is invariant with respect to change y —y for even EMP modes, i.e. for which p(uj,kx,y) = p{uj^ kx, —y), or for 
odd EMP modes, p{LO,kx,y) = —p{uj,kx,—y). It means that spatially symmetric (even) and spatially antisymmetric 
(odd) EMP modes of Eq. (|^), with respect to n = LL edge j/^e, are totally independent from each other. As we 
will see, it is reasonable to look for a solution of Eq. in a expansion series in terms of Laguerre polynomials 
L„(r) in the orthogonality interval < Y < oo. We define RoiY) = exp(F) * RoiY) = [exp(y)/4£T] cosh"^(y/2) 
and we can see that Ro(Y) corresponds to the unperturbed electron density profile, which we approximate it by 
no{Y)/no = [1 — tanh(y/2)]/2, which as we have seen practically coincide with the exact one, given by 2Trhayx{y)/e'^ , 
where cTyxiy) is given by Eq. (||), if the conditions fee ^ kBT/hvg ^ are fulfilled. Then, from Eq. (0), we obtain 
the integral equation for symmetric EMPs for y > as 

{uj - kxVg)ps{uj,kx,y) - "^{{kxalx ~ iklaxx)Ro{y) + i^yy-^iRoiv)^]} 

) 

dy'[Ko{\kx\\y ~ y'\) + K^(\kx\\y + y'\)\Ps{oj, kx,y') = 0, (10) 

In the long-wavelength limit, kxir Ij s^nd for not too strong dissipation at least one EMP mode must have a 
spatial behavior proportional to Ro{Y) and for large Y, Ps{u!, kx,y) also looks like Ro{Y). Then, we write the solution 
of Eq. ( p^ ) for the symmetric EMPs for y > as 

oo 

Ps{uj,kx,y)^MY)e-^Y.P's'^^^'''-^^^^(^^- (11) 

For y < 0, the expression for ps{u!,kx,y) follows trivially from Eq. ([Ill), just using |y| in the RHS of Eq. ([Tl|). 
Notice that this expansion is valid only when the lowest LL is occupied. We point out that Ro{Y) is a rather weak 
dependence on Y, especially for Y >1, and tends to l/Air a.sY~^oo. 

In order to obtain the dispersion equation for the symmetric modes, we now multiply Eq. (^0|) by L„i{Y)Rq^{Y) 
and integrate over Y = y/ir from to oo. Then, taking into account the Eq. (pT|), we obtain 

oo 

{cu - kxvg)p(r\cj, kx) -Y^[S C„(fc.) + S' g^„(fc,)]p(")(^, kx) = 0, (12) 

n=0 

where, by assuming v — 1, S ^ {2/e){kx(Tyx — ik'^axx), with ct"^ ~ e^/27r?i, 5' = —2ifjyy/ei\, 

poo POO 

r^nnikx) =^T dx c"" L,„(x) / dx' [K^{\kxlT\\x - x'\) + K^(\kxlT\\x + x'\)] Ro{x') e-"' L„(a;'), (13) 
Jo Jo 

and 

/•oo 

9tnn{kx) = / dx e-^'je-'^/^ L™(x)/ cosh(a;/2) - —[L^{x) - L^-i{x)]) 



dx' [sign{a; - x'}Ki{\kx\iT\x - x'\) + K^{\kx\iT{x + x'))] Ro{x') e""' L„{x'). (14) 
Here sign{x} = 1 for a; > and signja;} = —1 for x < 0, and Ki{x) is the modified Bessel function. Notice that 

^mn 7^ ^nrn ^nd (J^nn '/~ 9nm ' „ 

Now we consider the antisymmetric EMPs. From Eq. ([7|), we obtain the following integral equation for Pa{i^, kx, y) 



(uj - kxVg)paiuj,kx,y) - ^{{kxCTyx - iklaxx)Ro{y) + i^yy-^[Ro{y)-^]} 



f 

Jo 



dy'[Ko{\kx\\y - y'\) - K^{\kx\\y + y'l)]Pa(^, fc., y') = 0, (15) 
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for y > 0. As before, we write the exact solution of Eq. ( p^ ) for the antisymmetric EMPs as 

oo 

Pa{oj,kx,y) ^ MY)e-^ Y.P^a\^,k.,)L^{Y), (16) 

which must satisfy physicaUy obvious boundary condition Pa{i^, kx,Q) — 0, which insures continuity of the Pa{i^, k^, y) 
in the vicinity of y = 0; i.e., both for y +0 and y —0. The odd parity of pa{uj, kx,y) imposes the fohowing 
condition on pa^\uj,kx) 

oo 

^p(")(c.,M=0. (17) 

n=0 

For y < 0, Pai^^J, kx,y) can be obtained from Eq. (^6|) using the property Pa{oJ, kx,x) = —pa{oj, k^, —x). 

To obtain the dispersion equations for antisymmetric modes, we multiply Eq. ( |l5|) by Lm{Y)RQ^ (Y) and integrate 
over Y = y/£T from to oo. Then, taking into account the Eq. (^, we obtain 



(u; - kxvMr\^, kx) -Y.[S CJA;,) + S' Cn(fc.)]pi"H^, fc.) - 0, (18) 

n=0 

where 

POO /"OO 

CJfc.) dx L^{x) / dx' [Ko{\kx\iT\x ~ x'\) - Ko{\kx\iT\x + x'\)] Ro{x') e'^' L„(x'), (19) 

Jo Jo 



and 



5mn(fc.) = 1^.14 / dx e-^{e-^/2 L^(^^y cosh{x/ 2) - -{L„,{x) - Lra-i{x)\} 



x 



dx' [sign{a; - x'}Ki{\kx\£T\x - x'\) - Ki{\kx\£T{x + x'))] Ra{x') e"^' L„(x') + 







2|fc,|4 / dx Ki{\kx\£Tx) Ro{x) Lnix). (20) 
Jo 

In addition to above equations we must consider the condition given by Eq. ( [Tt] ) that is essential to eliminate the 
logarithmic divergence in the last integral in the RHS of Eq. ( pO| ) after the pertinent summation over n in Eq. (|T^). 
We point out that ^ r^„, ^ g^^ and hereafter we write rX(fcx) = rf^^l and g-^Hk^) = to simplify the 
notation. 

In our solution of Eqs. ([l^)-(|20|), we are taking the long- wavelength limit |fc£c|^T ^ 1, so we can use the approxi- 
mations Ko{\kx\iTx) « \n{2/\kx\iT) — 1 — ln(a;) and Ki{\kx\(-Tx) « {\kx\£Tx)~^ , where 7 is the Euler constant. 

IV. SYMMETRIC AND ANTISYMMETRIC EMPS AT NOT-TOO-LOW TEMPERATURES 

A. Symmetric modes 

Considering only the term rt = in the RHS of Eq. ( |Tl| ) and for m = in Eq. (p^, we obtain 

[(a; - kxVg) - ^r^o - S' g^^^]p^^\u,kx) = 0, (21) 

where 



and a numerical evaluation gives g^Q « 0.120. After performing the integrals In Eq. (|2^), we have Tqq — h\{l/\kx\iT) - 
0.012 K, ln(l/|fc2;|^T)- Then the dispersion relation (DR) can be written as 
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u = k^vg + ln(-4^) S + 0.125' 

« k^vg + l[k,alHjj^) - 0.12*^], (23) 

where a quadratic contribution cx k'^axx^T^i^/lkxlir) to the damping was neglected because we are considering the 
long-wavelength hmit. Corresponding to the DR of Eq. (|2^), ps{uj,kx,y) behaves as cosh^^(y/2), i.e., without any 
node. As a consequence, this is the DR of the fundamental EMP at not-too-low temperatures. Furthermore, from 
Eqs. ( p3|) and it follows that the damping rate of the fundamental EMP in this temperature regime is proportional 
to r"^fhich is essentially different from that at low temperatures For v — 2 the DR of fundamental EMP can 
be obtained from Eq. (|23| ) by taking (T°^ = e^/nh and dyy = e^^gC kBT/{2TT^h'^Vg). Notice that for the same we 
have Re = 2)/Re uj{iy = 1) = 2, because £t{i^ = 2) = £t{i^ — 1) and Vg{i' — 2) — 2vg{v = 1) in contrast with 
the low temperature case [Q. Notice that both expressions for Re oj and Im w, given by Eq. (p3|), are essentially 
different from the results of the Volkov-Mikhailov model ||l3|. Here the characteristic length of the EMP is It, while 
the characteristic length of a charge for EMP in the cited model is cr^/kxcr'^, where cr^" are the components of the 
bulk conductivity tensor of the 2DES. 

Corrections to the DR of fundamental EMP given by Eq. ( p3| ) and the additional symmetric branch are obtained 
by keeping only the terms ?i = and n = 1 in Eq. ( pi] ) which gives 

p.(^,fc.,r) = } [1 + 4|l^Li(r)], (24) 

cosh (Y/2) pi">{uj,kx) 
where Ps^i-^, k^, Y) = A£tPs{^, kx, y)/p^s^\'-^, kx)- From Eq. (p^, for m = 0, we obtain 

[{u; - kxVg) - 5 r^o - S' .ggolpi"^ kx) - [S rg^ + S' ggilpi^' (c., fc,) = 0, (25) 

and for m = 1 

[{u: - k^vg) -Sri,- S' gl,]p^P {to, k,) - [S rfo + S' gl,]pf^ {to, fc,) - 0, (26) 

The solution of the determinantal equation of the above system yields two branches uj'^j^{kx) and wl(fcj.). For |fca;|^T ^ 
1, the numerical evaluation gives rfg = 0.347, rl, = 0.240, g^, = 0.215, = 0.261, gl, — 0.406. If we neglect the 
coupling terms, by formally setting — r^Q — and g^, — gl^ = 0, the Eq. ( p5| ) gives the DR of the fundamental 
EMP, Eq. (^), and, from the Eq. (|2|), we obtain the DR of the quadrupole EMP, i.e., the EMP with two nodes at 
y = ±£t, as 

10 = kxVg +r{, S + g{,S' 

« k^vg + - [0.24^,(7°, - 0.406z^] . (27) 

The Re uj of the quadrupole EMP at not-too-low temperatures is almost the same as that at low temperatures (cf. Eq. 
(24) of Ref. [^), but is essentially different from the frequency of the quadrupole j — 2 branch of the Aleiner-Glazman 
model |l|]. 

For coupled modes the two branches are given by 

= kxVg + \[S{r^,, + r{,) + S' [g^,, + gl,)] ± \{[S{r^o, - r{,) + 

^'(5oo - 9li)f + 4(5rgi + S' gl,){Srl, + S'gl,)}'/^ (28) 

If not stated otherwise, we consider not too strong dissipation, for which Shi{l/\kx\£T) ^ In the long wavelength 
limit, we obtain 

. ,s _ I, , o„s , qi^s , (.grgi + 5"ffgi)(5'rfo -|- S' gj^) 



and 



kxVg + Sr., + S - 5(.go-r!,) + 5'(5go-5fi)- ^'^^ 
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Further, after substituting the coefficients in Eq. (|29|), we can write 

iul « k^vg + S4o[^ - 1/(7.5 ln(l/fc,£T))] + S'g'aoi^ - 10/12]. (31) 

We observe that by taking into account the couphng between the monopole and quadrupole terms Re becomes 
shghtly smaller. However, the damping rate of the fundamental branch is decreased by 6. Finally, we obtain 

< = ^^^^ + 7 l-(^) - ^'t^'-'' + ^^^^ ^^^ra^"]' 

where in the damping rate the term oc fc^ is returned due to essential suppression of the main contribution to Imtj^. 

Substituting the DR (|l|) in Eq. @) we obtain p^P {uj,k^) / p^s\uJ,k^) « (r-fo/r-^o)(l + 0.75S"/S') < 1, proving the 
fast convergence of the expansion for this mode. Now, from the Eq. (|2^), the charge density for the renormalized 
fundamental EMP, for y > 0, can be written as 

p,(^;, fc., Y) = —^-—[1 - ^^TTi^Tifmnr-M^^'^- (^3) 

cosh"^(F/2) al^kxl^^n[l/\k.j,\lT) 

We observe that if for some phase (p of the wave, its amplitude along y has a pure monopole character oc cosh^^(y/2) 
i.e. without any node, after a shift of ±7r/2 in 0, it acquires a pure quadrupole character oc Li(|y |) cosh^^(y/2) with 
two nodes at Y = ±1. Because such a behavior can be seen as the rotation of a complex vector function while the 
wave propagates, we call this fundamental EMP, characterized by the Eqs. (|l]) and (p3|), the edge helicon (EH) for 
not-too-low temperatures which has diiferent properties from its counterpart at low temperatures pH . 
From Eq. (|30| ) and after substituting the coefficients, the DR of the other branch is given by 

ljI Kk^vg + Sr{^[l + Q.bQ] + S'g{^[l + l/A]. (34) 

Now the coupling between quadrupole and monopole terms leads to an increase of 50% in Re wi and 25% in the 

damping rate. The ratio between the amplitudes is pi^\(jj , kx) / Ps^\uj , kx) « l/[21n(2) — 1] « 2.6 which gives a 

rather small value for p^s^/p^P « 1/2.6 and the convergence of the expansion for the quadrupole mode. Then for 
renormalized quadrupole mode ps(w,fcj:,y) is given, from Eq. (p4[), for y > as 

p,(u;l, fc„r) = ^^J^y^^-^ {1 + [21n(2) - 1]-'L,{Y)] . (35) 

Due to the coupling between the quadrupole and monopole modes, the nodes of ps(Li;, fc^;, y) are shifted, in the case 
of the renormalized quadrupole mode, to Y = ±21n(2) « ±1.39. Notice that Ps{Y) for both Y > Q and F < is 
given also by Eqs. (p3|), ( pSf ) after the replacement of Y by \Y\. 

In Fig. 2 the charge density profiles p{Y) of EMPs are depicted for = 2 and B = 5.9 T. The parameters are 
the same as in Fig. 1 and, when necessary, we took k^tx = 0.1 and e = 12.5. The curves labeled 1 and 2 represent 
p{Y) = ps{Y,kx) = Re [ps{uj^,kx, \Y\) x exp(«0)] for the EH, given by Eq. (p3|), if the wave phase (j) = 2'kN and 
(f) = 7r/2 -I- 27r7V, where N is integer, respectively. The curve 3 represents p{Y) — Ps{lli'L, kx, \Y\) for the renormalized 
quadrupole mode, given by Eq. (B5h. 



B. Antisymmetric modes 

Similar analysis can be done for studying the antisymmetric modes. The DR of the dipole mode at not-too-low 
temperatures, after taking into account only the terms n — and n = 1 in the RHS of Eq. ([l6|), is given by 

LO = kxVg + (rgo - r^oi) S + (ffoo " 9oi)S' 

« kxVg + - [0.65 fc,a°, - 0.5 i ^] , (36) 

since rgp « 0.509, « —0.141 and ^qq — 5oi ~ 1 ~ —0.502. The charge amplitude Pa{io,kx,y) of this dipole mode 
behaves as PaiY) = 4:£TPai'-^,kx,y)/ps^\i^,kx) = — Fcosh^^(y/2), i.e., with one node at F = 0. Its density profile 
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p{Y) = Pa{y) corresponds to curve 4 in Fig. 2 . The frequency of the dipole EMP, Re {u — kxVg)/S = 0.65, is 30% 
larger than for the similar mode at low temperatures. 

Corrections to the DR of the dipole EMP, given by Eq. (^), and the additional antisymmetric branch can also 
be obtained, by keeping only the terms n = 0, 1 and n = 2 in the RHS of Eq. in a straightforward way. Then 

we obtain two branches Lu'^^k^) and (fc^,). If we neglect the coupling between different terms of the expansion we 
obtain, for Ifc^l^T ^ 1, the following expression for the DR of the octupolc mode 

UJ « k^Vg + -[0.14fc,a0, - 0.205i^]. (37) 

Neglecting dissipation and the k^Vg term, the octupole EMP at not-too-low temperatures exhibits aphase velocity 
around 85% of the phase velocity of the octupole EMP at low temperatures (cf. Eq. (44) of Ref. 12^). Again the 
frequency of this mode is distinct from the frequency of the octupole j = 3 branch of Ref. . The charge density 
profile PaiY) = Y{1 — \Y\/2) cosh^^(y/2), i.e., with three nodes at F = and Y — ±2 is represented by curve 5 in 
Fig. 2. 

If we consider the coupling between the expansion terms, we obtain the dipole and octupole renormalized modes. 
Our numerical results have shown that the renormalization effects are quite weak in the regime of not-too-low tem- 
peratures which means that, in our theory for high temperature EMPs, the convergence of the expansion, given by 
Eq. (|l^), for the dipole and octupole modes is faster than that expansion over Hermitian polynomials used in Ref. 
pl| in the regime of very low temperatures. 

In Fig. 3 we plot the dimensionless electric potential <i> oc dY' Ko{\kx\£T\Y ~ Y'\) p{Y') for EMPs with the 
charge density profiles p{Y) denoted by curves 1 to 5 in Fig. 2. 



V. DISCUSSION AND CONCLUDING REMARKS 



In this work we have introduced an analytical unperturbed electron density profile no(y)/no = [1 — tanh(y/2)]/2 
which is in very good agreement with the exact results, as shown in Fig. 1, when the conditions, hcOc/kBT ^ 1, 
ke:> ksT/nvg :^ are fulfilled. 

We have shown that temperature effects manifest themselves in the dispersion and spatial structure of the EMP 
modes by changing the characteristic length to £t ^ ^o- The edge density profiles for dipole, quadrupole, and octupole 
EMPs in this regime behave spatially independent of the wave phase (j). However the behavior of the density profile 
of the edge helicon is qualitatively modified by varying cj) as shown in curves 1 and 2 of Fig. 2. Concerning the 
dissipation of the modes, we introduce the dimensionless parameter tit as riT — ^/{kxir), where ^ — d'yy / {irCTyx) — 
[e'^ hf^/ Anhs^ pv]{s'^ / Vg) . Then, we have observed that the regime of weak dissipation occurs at 77^ ^ 1 since Re uj S> 
Im Lo for all modes. The opposite regime of strong dissipation corresponds to In^l/kxir) S> ?/t 1 because all modes, 
except the edge helicon, are strongly damped, i.e., Re co ^ Im lo. So the edge helicon is the only weakly damped 
mode in the region of strong dissipation. We also observe from the comparison between the curves in Fig. 3 and the 
corresponding ones in Fig. 2 that the wave potential $(F) oc Ex{u),kx,y) is smooth on the scale of the magnetic 
length both for symmetric and antisymmetric modes even when the charge density profile p{Y) of the EMP shows a 
cusp in the vicinity of y = 0. This smoothness of the EMPs electric potential justifies well the assumptions of our 
present study. 

Finally, we make some estimates that should be useful in experimental studies. For the GaAs-based samples with 
the parameters used in Fig. 1 and fc^^T = 0.1 {k^ w 2 x 10* cm~^), we obtain ^ = 0.353s^ /Vg w 8.8 x 10~^ and hence 
rjT ~ 0.88, which corresponds to the case of strong dissipation. We propose here a sample arrangement very similar to 
that of Ashoori et. al. 0. Our circular mesa has a diameter D — 1^ (in Ref. -D = 540 pm) and height ~ lp,m 
in the middle of a wide GaAs/AlGaAs chip with large thickness such that 2ds ^ l/k^ = 0.5 /im and we assume as in 
Ref. the value ds = 500 /im. The condition 2|fcj:|(is 1 is well satisfied even for k^o — 2/-D — 1.3 x 10'^ cm^^, as 
the assumed ^ kxo. As a consequence, the conditions 2kxds ^ 1 and kxW 3> 1 are satisfied as well. Analogous to 
Ref. 1^, we assume that a square "pulser" gate with width Lp « 0.8 /im {Lp = 10/xm in Ref. [Q) is much smaller than 
t:D. Furthermore, the initial charge distribution (when a pulse of external voltage is applied to the "pulser" gate) 
has a rectangular form and therefore the essential contributions comes from the k^n = ^nk^o, n = 1,2,.., modes 
distributed in the interval k^o < \kxn\ < T^/Lp. So, a typical wave number k^t — \kxnt\ ~ 7r/2Lp = 2 x 10"* cm~^ is of 
the same order of the magnitude of our estimated kx. As all modes, except one, are strongly damped we are left with 
the edge helicons. Equation ( ^2| ) gives a decay rate Im lu'^ « 7.5 x 10^ sec~^. The corresponding group velocity for 
this mode is Vg+{kxt) = Vg + [2 / e)ayx[ln{l / kxdr) — 1] and gives a period T+ = ttD /vg+{kxt) ~ 3.1 x 10^-^" sec. So, 
during the travelling period T+, the amplitude of the mode should drop only by a factor ^ exp(—2.3). As it is known, 



8 



the amplitude of the traveUing pulse in time-resolved experiments [|7| can be measured by another square gate with 
side Lp above the edge. So, we believe from our reasonable estimates that the edge helicon mode may be detected. 
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FIGURE CAPTIONS 



FIG. 1. Unperturbed electron density noly), normalized to the bulk value uq, as a function ofY = {y — ?/ro)/^T, 
where t/ro is the edge of n = LL. The solid and dash-dotted curves show our exact and approximate profiles, 
respectively, for a GaAs-based heterostructure and tor v — 2, B — 5.9T, Wc/^^ = 30, Ap = hujc/'i, It/^o = 5, and 
T = 18 K. The dashed curve is the density profile in the model of Ref. |13| and the dotted curve that of Ref. Iffl for 
no(j/)/no = (2/7r) arctan[(j/re — y)/o]^^'^, a/^o = 20. For the dashed and the dotted curves Y — {y — yre)/iT, where 
yre is the edge in the models of Refs. and JlGf . 



FIG. 2. Dimensionless charge density profile p{Y) of EMPs at not-too-low temperatures: curves 1, 2, and 3 
correspond to symmetric modes and curves 4 and 5 to the antisymmetric ones. Curves 1 and 2 represent p(Y) for the 
edge helicon, using Eq. (33), for different wave phases and curve 3 represents p{Y) for the renormalized quadrupole 
EMP, Eq. (^H). Curves 4 and 5 are p{Y) for dipole and octupolc EMPs, respectively. The parameters are the same 
as in Fig. 1. 



FIG. 3. Dimensionless electric potential of EMPs at not-too-low temperatures. Curves 1 to 5 correspond to 

charge profiles labeled in Fig. 2. 
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